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Abstract
The wave coupling theory with analytic solution for mutual action of optical activity and
Pockels effect in birefringent crystals is developed, which is based on Maxwell’s equations and
the second-order polarizations responsible for the two effects. We take the crystalline quartz as
an example to demonstrate the applications of the theory and some typical results for different
propagation directions and different external electric fields are presented. Besides, we find out
the directions of pure electro-optic delay in the optically active crystals belonging to different
point groups. Along these directions both the optical activity and electro-optic coupling are
absent. These will facilitate the use of an optically active medium as an electro-optic modulator.
Keywords: Pockels effect, optical activity, uniaxial crystal, polarization, wave coupling theory
(Some figures in this article are in colour only in the electronic version)
1. Introduction
The Pockels effect in optically active media and its applications
are of interest [1–3]. From a traditional point of view, however,
it may be difficult to consider the effect generally. The
authors of Handbook of Optics state [4]: ‘The interest in
crystalline quartz comes from its availability and excellent
optical properties rather than from a large electro-optic effect.
Crystals of quartz are optically active, and this complicates use
of the material as an electro-optic modulator.’ In fact, for some
special cases, the system’s Jones matrix [5, 6] or coupled-mode
theory [7] has been used for the analyses of light propagation
in optically active media. The Jacobi method [8, 9] was also
introduced for determining the principal indices of an electro-
optic, optically active medium or finding the eigenpolarizations
of light. But finding the transformation matrix to diagonalize
the impermeability tensor, the key step of the Jacobi method,
is not an easy task. For an isotropic crystal with optical
activity, such as the cubic crystals of the sillenite family
(Bi12SiO20 (BSO), Bi12TiO20 (BTO) and Bi12GeO20 (BGO)),
1 Author to whom any correspondence should be addressed.
the propagation behaviors of light have been extensively
studied [10–18]. A theory using the method of Pauli matrices
was presented in an elegant compact form [17]. Recently,
a special theory for an electro-optic Q switch made by an
optically active crystal LGS was developed [19, 20] based on
the refractive index ellipsoid theory [21]. However, the general
case for light propagation in an electro-optic medium with both
birefringence and optical activity, to the best of our knowledge,
has not been analytically investigated yet. In 2001, a wave
coupling theory of the Pockels effect was developed [22],
which avoids the difficulty in standardizing the equation of
a refractive index ellipsoid. Based on it the theories of the
Pockels effect in an absorbent medium [23, 24] and in a quasi-
phase-matched (QPM) medium PPLN [25] were developed
and the effect of the polarization state on electro-optic coupling
was studied [26]. Recently, we further extended this theory to
the case of an optically active medium and used it to discuss
the electrically controlled transfer of spin angular momentum
of light in this medium [27]. In this paper, we further improve
the integrality of the theory presented in [27] and give the
analytic solutions for the resultant equations. To show the
1464-4258/08/075002+08$30.00 © 2008 IOP Publishing Ltd Printed in the UK1
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flexibility of our theory, we take the crystalline quartz as an
example to investigate the mutual action of optical activity
and Pockels effect for some typical cases, for example, light
propagates along or off the optical axis and the external electric
field is applied along an arbitrary direction. Besides, we find
out the directions of pure electro-optic delay in any optically
active, electro-optic crystals. Along these directions the optical
activity as well as the electro-optic coupling is absent.
2. Theory
In general, there are two independent polarized components
in a birefringent, optically active crystal for a monochromatic
plane light wave of frequency ω, namely E(ω) = E1(ω) +
E2(ω) = E1(r) exp(ik1 · r)+ E2(r) exp(ik2 · r), where k1 and
k2 are the wave vectors of two independent polarized light field
components E1(ω) and E2(ω), respectively. If this optically
active crystal is simultaneously subject to a DC electric field
or a slowly varying applied electric field E(0), then there exist
two second-order polarizations responsible for natural optical
activity and Pockels effect, which can be written as [22, 27–29]
P(ω) = i2ε0κ(2)1 : E1(r)k1 exp(ik1r)
+ i2ε0κ(2)2 : E2(r)k2 exp(ik2r)
+ 2ε0χ(2)(ω, 0) : E1(r)E(0) exp(ik1r)
+ 2ε0χ(2)(ω, 0) : E2(r)E(0) exp(ik2r) (1)
where ‘:’ stands for the double scalar product, ε0 is the
permittivity in free space, and κ(2)i (i = 1, 2) and χ(2)(ω, 0) are
second-order susceptibility tensors responsible for the optical
activity and Pockels effect, respectively. Similarly to [22, 27],
starting from Maxwell’s equations, only considering the
second-order nonlinearity described by equation (1) and
neglecting high-order nonlinearity (too weak or due to a
mismatch of wave vectors) as well as linear absorption,
under slow varying amplitude approximation and no-walk-



















E1(r) exp(−ikr)− id4 E2(r),
(2b)
where the effective electro-optic coefficients di (i = 1, 2, 3, 4)
are the same as those in [22] and k = k2 − k1. In [27]
it has been given that f0 = − ∑ jkl (k20) · (a j n2κ(2)2 jklbk k̂l) =∑
jkl (k
2
0) · (b j n1κ(2)1 jklak k̂l) due to κ jkl = −κk jl [28].
Comparing equation (1) with the definition of gyration tensor
G [30], and taking the antisymmetry of κ jkl into account, we
further obtain that
κ1 jkl = −u jkm gml
2n1k0
, κ2 jkl = −u jkm gml
2n2k0
, (3)
where gml are the matrix elements of the gyration tensor and
u jkl is the Levi-Civita symbol (an completely antisymmetric






a j u jkm gmlbkk̂l. (4)
Based on equation (4), now we can make a quantitative
description of the mutual action concerned. Let E1(0) and
E2(0) be the initial values of E1(r) and E2(r). We can obtain
the analytic solution of equations (2a) and (2b) as follows:
E1(ω) = E1(r) exp(ik1r) = ρ1(r) exp[i(k1 + β)r + iφ1(r)],
(5a)





l21 + m21, φ1(r) = arg(l1 + im1), (6a)
ρ2(r) =
√
l22 + m22, φ2(r) = arg(l2 + im2), (6b)
l1 = t E1(0) cos(pr)
2
+ s[pγ E1(0)− (d1 p − f0q/n1)E2(0)] cos(pr)
2(p2 + q2)
− t[−qγ E1(0)+ (d1q − f0 p/n1)E2(0)] sin(pr)
2(p2 + q2) , (6c)
m1 = s E1(0) sin(pr)
2
+ t[pγ E1(0)− (d1 p − f0q/n1)E2(0)] sin(pr)
2(p2 + q2)
+ s[−qγ E1(0)+ (d1q − f0 p/n1)E2(0)] cos(pr)
2(p2 + q2) , (6d)
l2 = t E2(0) cos(pr)
2
+ s[−pγ E2(0)− (d3 p + f0q/n2)E1(0)] cos(pr)
2(p2 + q2)
+ t[−qγ E2(0)− (d3q + f0 p/n2)E1(0)] sin(pr)
2(p2 + q2) , (6e)
m2 = s E2(0) sin(pr)
2
+ t[−pγ E2(0)− (d3 p + f0q/n2)E1(0)] sin(pr)
2(p2 + q2)
+ s[qγ E2(0)+ (d3q + f0 p/n2)E1(0)] cos(pr)
2(p2 + q2) , (6 f )
u = pγ, v = −qγ, (6g)
s = exp(−qr)− exp(qr),
t = exp(−qr)+ exp(qr), (6h)
p = (d1/n2 − d3/n1) f0 ×
{{ − 2(γ 2 + d1d3 + f 20 /n1n2)
+ 2{(γ 2 + d1d3 + f 20 /n1n2)2





{−(γ 2 + d1d3 + f 20 /n1n2)
+ {(γ 2 + d1d3 + f 20 /n1n2)2
+ (d1/n2 − d3/n1)2 f 20
}1/2}1/2
, (6 j )
γ = (d4 − d2 −k)/2, β = (k − d2 − d4)/2. (6k)
2
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Equations (5) and (6) are the general solutions describing the
propagation behavior of a monochromatic light wave traveling
along an arbitrary direction in any optically active crystals
belonging to different point groups and with an arbitrary
external electric field. In some special cases, k = 0
(corresponding to the mutual action in crystals of 23 symmetry,
or a light propagating along the optic axis of a uniaxial
crystal), equations (2a) and (2b) can be further simplified to
dE1(r)/dr = ( f − id)E2(r) − id2 E1(r) and dE2(r)/dr =
(− f − id)E1(r) − id4 E2(r), with f = f0/n1 = f0/n2
and d = d1 = d3. Without losing generality, we can set
E1(0) = 0; and if it is used for the amplitude modulator with
two orthogonal polarizers, then the output light intensity is
I1out ∝ |E1(r)|2 = I2(0)(d2−d4)2
4( f 2+d2) + 1
× sin2
(√





One can see that the maximum of I1out is usually not
equal to I2(0) unless d2 − d4 = 0, being of interest,
very similar to the pure Pockels effect discussed in [22].
This provides us with the principle for designing the op-
timum electro-optic device using an optically active mate-
rial [1–4]. However, for general cases (k = 0), the out-
put intensity from the amplitude modulator should be Iout =
(ρ21 (L)+ ρ22 (L)− 2ρ1(L)ρ2(L) cos[φ1(L)− φ2(L)])/2,
based on equations (5) and (6).
3. Applications
Due to its robustness (with breakdown voltage beyond
100 kV mm−1 [31]), the crystalline quartz, a typical uniaxial
crystal belonging to class 32 and with both optical activity
and Pockels effect, is the most favorable candidate for high
voltage, current and power measurements [32]. Here we
take it as an example to demonstrate the applications of our
theory. For the general case, supposing the unit wavevector
k̂ has an angle θ with respect to the crystalline Z axis
(also the optic axis); and the projection of k̂ in the XY
plane makes an angle ϕ with the crystalline X axis, namely
k̂ = (sin θ cos ϕ, sin θ sinϕ, cos θ). So the unit vector of the
electric field of the o-ray a = (sinϕ,− cos ϕ, 0), and that
of the e-ray b = (− cos θ cos ϕ,− cos θ sin ϕ, sin θ). Also,
a general direction of applied external electric field c =
(c1, c2, c3) is assumed. The refractive indices of o- and e-
ray are n1 = no and n2 = (none)/(n2o sin2 θ + n2e cos2 θ)1/2,
respectively. For crystalline quartz at 510 nm, no = 1.54
and ne = 1.55; the non-vanishing electro-optic coefficients
are γ41 = −γ52 = 0.2 and γ62 = γ21 = −γ11 = 0.93
(in pm V−1) [29]; and the non-vanishing elements of gyration
tensors are g11 = g22 = −5.82 × 10−5 and g33 = 12.96 ×









sin 2ϕ + c2 cos 2ϕ
)
− n2eγ41 sin θ(c1 cos ϕ + c2 sinϕ)
]
E0, (8a)










sin 2ϕ + c2 cos 2ϕ
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[n2oγ62 cos2 θ(c2 sin 2ϕ − c1 cos 2ϕ)




2 θ + g22 sin2 θ), (9)
where E0 is the amplitude of the applied electric field. From
equations (8), one can see that the Z component of the external
field makes no contribution to the electro-optic effect. So in
the following we only consider the case that the external field
lies in the XY plane, namely c = (cos ϕE, sin ϕE, 0), where
ϕE denotes the angle between the external field and X axis.
Besides, one can see from equation (9) that f0 possesses the
cylindrical symmetry while di (i = 1, 2, 3, 4) depend on the
azimuth angle ϕ.
3.1. Mutual action of natural optical activity and Pockels
effect
Suppose the quartz considered is 10 mm long along the light
propagation direction. Without losing generality, we suppose
E1(0) = Ein and E2(0) = 0. Then we can obtain, from
equations (5) and (6), that
E1(ω) = E1(r) exp(ik0n1r) = Ein exp
(
i




× [cos(μr)− i sinα sin(μr)] exp(ik0n1r), (10a)











× cosα sin(μr) exp(−iα′) exp(ik0n2r), (10b)
where μ = |
√
f 20 + d20/(n1n2)+ i(k + d2 − d4)/2|, α =
arg[
√
f 20 + d20/(n1n2) + i(k + d2 − d4)/2], and α′ =
arg( f0 + id0); and the factors exp(ik0n1r) and exp(ik0n2r),
corresponding to the two cross components, have been taken
into account due to the presence of birefringence. In the
absence of the external field, α′ = arg( f0 + id0) = π or
0 and equations (10a) and (10b) become those describing
optical activity for an arbitrary light propagation direction.
In particular, when the light propagates along the optic axis
(θ = 0), we get E1(r) = Ein cos( f r) and E2(r) =
Ein sin( f r), which are just the familiar equations for optical
activity in the common case and f = f0/no, the known optical
rotatory power. In the following, we will limit our attention
to the analysis of the polarization state of light traveling in
or emerging from this crystal. Generally, the description of
the ellipse of polarization requires two parameters: azimuth
angle ψ ∈ [−90◦, 90◦] and ellipticity e ∈ [−1, 1] (the positive
and negative correspond to right-and left-handed polarizations,
3
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Figure 1. Evolution of polarization state under the conditions θ = 0◦, ϕ = π/2, and c = (0, 1, 0). (a) and (b) azimuth ψ and ellipticity e as
functions of propagation distance r and applied field E0; (c) and (d) ψ and e at the output surface as functions of the applied field E0, where
‘HL’ and ‘VL’ stand for horizontally and vertically linear polarization, respectively.
respectively). Also ψ and e can be obtained through the
relations below [34]:
tan 2ψ = 2 Re(η)
1 − |η|2 , sin(2 tan
−1 e) = 2 Im(η)
1 + |η|2 , (11)
where η = E2(ω)/E1(ω) comes from equations (5a) and (5b).
Firstly, we investigate the case of k̂ = (0, sin θ, cos θ),
namely k̂ lies in the Y Z plane (ϕ = π/2). One can see from
equations (8) and (9) that, in this case when the applied field
is along the X axis (c1 = 1), there only exists optical activity
and electro-optic delay (since d1 = d3 = 0) while along the Y
axis (c2 = 1), only optical activity and electro-optic coupling
occur (d2 = d4 = 0). For different θ with fixed c = (0, 1, 0)
but varying applied field amplitudes, we investigate the mutual
action by looking into the azimuth angle ψ and ellipticity e.
Some numerical results are shown in figures 1–3.
As shown in figures 1(c) and (d), the ellipticity e cannot
reach 1 or −1 due to the optical activity, which means that
the emerging light cannot be circularly polarized anymore. Of
special interest is, when the applied field E0 ≈ ±
√
56s2 − 609
(s is an integer  4), the emerging light can be linearly
polarized again and an even s leads to the horizontal oscillation
(e = 0 and ψ = 0◦) while an odd one to the vertical (e = 0
and ψ = 90◦). Figure 2 shows the adaxial mutual action.
By comparing figures 1 and 2 it is found that a very small
deviation of propagation from the optic axis (e.g. θ = 0.8◦)
will result in an evident change of light propagation behavior,
which requires a suitably high processing precision of the
crystal. If the propagation deviates from the optic axis with a
larger angle, for example θ = 45◦, the evolution of the output
polarization state will become slower with the applied field, as
shown in figure 3. In figure 3(d) when the applied field is at
about −35 kV mm−1 (or 10 kV mm−1), the linear polarization
states emerge again, but with a rotatory angle of about −45◦
(or 35◦) relative to the incident one. In figures 1(d)–3(d), we
have marked some typical polarization states at special points
for being easily understood. The further calculations show
that the larger the deviation angle θ becomes, the slower the
evolution of the output polarization state becomes; especially
when the propagation direction is perpendicular to the optic
axis, the applied field will scarcely affect the polarization
state.
Secondly, we consider a case with an constant external
field E0 = 5 kV mm−1 along the Y axis and θ = 45◦
fixed, but ϕ slowly changing from 0◦ to 360◦. The evolutions
of polarization state with azimuthal angle ϕ are shown in
figure 4. One can see that ϕ has a remarkable influence on
the propagation behavior. At ϕ = 160◦ or 340◦, the emerging
light becomes right-handed circularly polarized. Further, we
consider another more arbitrary case with θ = 9◦, ϕ = 25◦ and
E0 = 5 kV mm−1, but the applied field direction is changing.
Figure 5 shows the corresponding results. Of interest is when
ϕE is in the range of 80◦–160◦, the emerging light is almost
linearly polarized but with a varying azimuth. At about 240◦,
it becomes right-handed circularly polarized.
As is well known, the polarization state, as a fundamental
property of a light wave, plays an important role in
some polarization-sensitive systems such as waveguides [35],
coherent detectors [36] and polarization-based switches [37].
We have shown that the polarization state of light in an
optically active crystal can be electrically manipulated, which
may have some applications in polarization control.
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Figure 2. Evolution of polarization state under θ = 0.8◦, ϕ = π/2, and c = (0, 1, 0). (a) and (b) ψ and e as functions of propagation distance
r and applied field E0; (c) and (d) ψ and e at the output surface as functions of applied field E0, where ‘−45◦L’ stands for linear polarization
with −45◦ azimuth; ‘RE’ for right-handed elliptical polarization, while ‘HL’ for horizontally linear.
Figure 3. Evolution of polarization state under θ = 45◦, ϕ = π/2, and c = (0, 1, 0). (a) and (b) ψ and e as functions of r and E0; (c) and (d)
ψ and e at the output surface as functions of E0, where ‘−45◦L’ and ‘35◦L’ stand for linear polarization with azimuths of −45◦ and 35◦,
respectively; ‘−40◦RE’ for right-handed elliptical polarization with −40◦ azimuth; ‘20◦LE’ for left-handed elliptical polarization with 20◦
azimuth.
3.2. Pure electro-optic delay in an optically active crystal
Generally, the propagation of light in an optically active
medium with an applied electric field is governed by the
combined effect of the optical activity ( f0 = 0), the electro-
optic delay (d2, d4 = 0), the electro-optic coupling (d1, d3 =
0) and the birefringence (n1 = n2), as discussed above. So
when an optically active crystal is used for constructing an
5
J. Opt. A: Pure Appl. Opt. 10 (2008) 075002 L Chen et al
Figure 4. Evolution of polarization state under θ = 45◦, c = (0, 1, 0) and E0 = 5 kV mm−1. (a) and (b) ψ and e as functions of r and ϕ;
(c) and (d) ψ and e at the output surface as functions of ϕ, where ‘RC’ stands for a right-handed circular polarization.
Figure 5. Evolution of polarization state under θ = 9◦, ϕ = 25◦ and E0 = 5 kV mm−1. (a) and (b) ψ and e as functions of r and the applied
field direction ϕE; (c) and (d) ψ and e at the output surface as functions of ϕE, where ‘RC’ denotes a right-handed circular polarization.
electro-optic modulator, the optical activity may complicate its
performance [4]. We find that, however, if the light propagates
along a particular direction and the external field is applied
along another particular direction at the same time, the optical
activity as well as the electro-optic coupling is absent, only the
electro-optic phase delay occurs. We call it ‘pure electro-optic
delay’. According to equations (2a) and (2b), to achieve such
a ‘pure’ effect, it is necessary to have f0 = 0 (corresponding
to zero optical activity), namely
∑
jkml
a j u jkm gmlbkk̂l = 0, (12)
6
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Figure 6. The set-up for the crystalline quartz to obtain the pure
electro-optic delay.
and d1 = d3 = 0 (corresponding to zero electro-optic
coupling), namely ∑
jkl
a jγ jkl bkcl = 0. (13)
Additionally, to achieve the optimized electro-optic modula-
tion, the maximum value of |d2 − d4| is required since the out-
put light intensity of the modulator is proportional to sin2(δ/2),
where δ = [k0(n1 − n2)− (d2 − d4)r ] [22]. For the crys-
talline quartz, f0 = 0 requires (g33 cos2 θ + g22 sin2 θ) = 0,
thus θ ≈ 56.2◦, which is consistent with that reported in [9].
In this case, n1 = 1.54 and n2 = 1.5469. From equation (13),
we get c = (1, 0, 0). Moreover, we find that |d2 − d4| also
reaches its maximum. Figure 6 shows the related configura-
tions. Under the conditions d1 = d3 = 0, d2L = −0.2095E0
and d4L = 0.0225E0 (L = 10 mm, the length of the crys-
tal), we get the half-wave electric field E0 = 13.54 kV mm−1.
Subsequently, the solution has a simple form:
E1(ω) = E1(r) exp(ik0n1) = E1(0) exp(ik0n1r) exp(−id2r),
(14a)
E2(ω) = E2(r) exp(ik0n2) = E2(0) exp(ik0n2r) exp(−id4r),
(14b)
where E1(0) and E2(0) are the initial values of the two cross-
components of light. Now, only the electro-optic phase delay
plays its role.
For different crystals, the directions without optical
activity are different. Table 1 lists the general results for
crystals belonging to different point groups, which are derived
from equation (12) and based on the non-vanishing elements
of gyration tensors in [30].
After finding the propagation direction without optical
activity, one can appeal to equation (13) and max |d2 − d4| to
determine the optimum direction of the applied electric field,
with the aid of Lagrange multipliers. Actually, it’s too lengthy
and maybe redundant to give the particular descriptions for
different crystal classes. However, for a designated crystal, it
is not difficult for one to obtain the results expected.
4. Conclusion
We have developed the wave coupling theory for mutual
action of optical activity and the Pockels effect and give the
Table 1. The directions without optical activity in different optically
active uniaxial crystals.
Light propagation direction (k̂)
Crystal system Point groups θ ϕ
Tetragonal 4
g11 sin
2 θ + g22 cos2 θ = 0 Arbitrary422
4̄ sin2 θ(g11 cos 2ϕ + g12 sin 2ϕ) = 0
4̄2m
2 ‖ x1 sin2 θ sin 2ϕ = 0
2 ‖ x2 sin2 θ cos 2ϕ = 0a
Hexagonal 622
g11 sin
2 θ + g22 cos2 θ = 0 ArbitraryTrigonal 332
a This result agrees with that (for AgGaS2) in [38].
analytic solution of the resultant equations. The propagation
behavior of light with an arbitrary propagation direction in
crystalline quartz under an applied external electric field has
been investigated in detail. Besides, we find out the pure
electro-optic delay, which will facilitate the use of an optically
active medium as an electro-optic modulator.
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